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ABSTRACT 
In an earlier paper H.M. Srivastava and R. Panda [J. Reine Angew. Math. 283/284, 265-274 
(1976)] gave a bilateral generating function, involving the H-function of C. Fox [Trans. Amer. 
Math. Sot. 98, 395-429 (1961)], for a genera1 class of hypergeometric polynomials and also con- 
sidered its multivariable analogue associated with the H-function of several complex variables. The 
present work begins by observing, among other things, that both of the main generating functions 
in a paper by M. Shah [J. Reine Angew. Math. 288, 121-128 (1976)] are contained in a single bila- 
teral generating function which was given earlier in the aforementioned paper by Srivastava and 
Panda [op. cit., p. 267, Eq. (2.1)]. It then proceeds to discuss several non-trivial generalizations of 
the various interesting consequences of the Srivastava-Panda results. Finally, it develops a simple 
and direct proof of an elegant generalization of a known finite series of H-functions, which 
happens to be the main result in another paper by Shah [J. Reine Angew. Math. 285, l-6 (1976)], 
and indicates that Shah’s result [op. cit., p. 3, Eq. (2.1)] would follow rather easily from 
Vandermonde’s summation theorem. 
The various generalizations mentioned in the preceding paragraph are given by Theorems 1, 2 
and 3 of the present paper: each of these main results is believed to be new. 
1. INTRODUCTION 
For convenience, let (q,), {(a,, (I~)} and ((a,,; ap, a;)> abbreviate the p-para- 
meter arrays al, . . . . up; @al), . . . . (aP, a,,); and (al; al, ai), . . . . (clp; ap, a;), re- 
spectively, with similar interpretations for (&), ((b,,&)}, ((b4; &,&)}, et 
* This work was supported in part by the Natural Sciences and Engineering Research Council of 
Canada under Grant A-7353. 
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cetera. Also let d(m, A) and V(m, A) stand for the m-parameter arrays 
A I++1 L+m-1 and 1- L l- L+l -- 
m’ m ““’ m’ 
-, . . . . 1 - 
A+m-1 
m m m ’ 
respectively, for an arbitrary complex number 1 and for all integers m z 1. 
Recently, Srivastava and Panda gave the bilateral generating function ([lo], 
p. 267, Eq. (2.1)) 
(1.1) 
i F m+P Q 
?I=0 
[4m, -n),(ap); 1 
&i’?:,: Y 
[ 
(b4kx J 
(VW A  + n), 11, { ( C U ,  h>) 1 tn - {(&P”)) n! 
H&m; u,P); (r,d 
m, 0. IP. 1+ 41; Iu, VI 
j=l 
1 
xtm 
- 
(t - m)m 
m 
(rr& 
(VW, 4; 1, 1): ((1 -a,, 111; {@~,a;>> 
’ : (0, l), ((1 - bq, 1)); {(&PI)} 
L ItI cm, 
where m,p, q, r,s, u, v are integers such that m 2 1, ~10, qz0, Osrl v, and 
O~s~u, HzJ[zl . ..I is the familiar H-function of Fox ([3], p. 408; see also [lo], 
p. 265, Eq. (1.1) et seq.), and the function on the right-hand side is an H- 
function of two variables (cf., e.g., [lo], p. 266, Eq. (1.5)). {For a natural 
further extension of (1.1) to hold for a multivariable H-function defined by 
Srivastava and Panda ([lo], p. 271, Eq. (4.1) et seq.), see [lo], p. 273, Eq. 
(4. lo).} 
Since the publication of the general result (1. l), its at least two rather obvious 
special cases have appeared in the literature. These special cases of (1.1) happen 
to be the main results of a subsequent paper by Shah [8] whose work also 
appeared in Crelle’s Journal’. Shah’s first generating function ([8], p. 124, Eq. 
(3.1)) follows at once from the known result (1.1) in its special case when m = 1, 
while the corrected version of his second generating function ([8], p. 125, Eq. 
(3.2)) corresponds readily to the special case of (1.1) when m = 2, p = 0, q = 1 
1 See also the review of M. Shah’s paper [8] in Math. Reviews 54 (1977), p. 1518, # 10705 (by H. 
Exton). 
130 
and bl = v+ +, since (cf. [12], p. 379, Problem 15; see also [6], p. 280, Eq. (20)) 
where C;(x) denotes the Gegenbauer polynomial of order v and degree IZ in x. 
We remark in passing that the aforementioned results of Shah [B] are straight- 
forward analogues (involving the H-function) of the corresponding known 
generating functions involving Meijer’s G-function. 
Yet another interesting special case of (1.1) is the bilinear generating function 
WI, P. 269, Eq. (3.4)) 
(1.3) 
=(l - t)-A FTC;; 
where, as usual, the Pochhammer symbol (A), =T(L + n)/I(n), and Ff!$i 
denotes a generalized (KampC de Feriet’s) hypergeometric function of two 
variables ([l], p. 150) in the modified notation of Burchnall and Chaundy ([2], 
p. 112). Formula (1.3) was, in fact, generalized by Srivastava and Panda so as 
to include a double hypergeometric function on the left-hand side, too (cJ [lo], 
p. 269, Eq. (3.5)). 
The object of the present paper is two-fold. We first consider some non- 
trivial generalizations of (1.3) and its multivariable analogue which is derivable 
from the aforementioned (Srivastava-Panda) result involving H-functions of 
several complex variables (cf. [IO], p. 273, Eq. (4.1.0)). We then develop a 
simple and direct proof of a new generalization of a ‘finite series of Fox’s H- 
functions, which was given as the main result in another paper by Shah ([7], 
p. 3, Eq. (2.1)). 
2. MULTIVARIABLE GENERALIZATIONS OF (1.3) 
As we indicated in the preceding section, the following multivariable 
analogue of (1.3) is derivable from Srivastava and Panda’s result ([IO], p. 273, 
Eq. (4.10)) by setting the positive numbers 9’s and 6’s equal to 1, @) = 1 and 
#I =B(O, i= 1 , . . ., n, and appealing to the known relationship (cJ [lo], p. 272, 
Eq. (4.7)). 
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(2.1) 
l Fm:P+.;P, 
d(m, A + n): (A;,);...; (A$; 
o:9,;...;Qr Yl, . . ..Yr 
: (Bb,);...; (Bg); > 
t” 
=(l -t)-” F”$.$$;;:y$ ( 
d (m 4: (up); 
--: uJ9); 
GqJ,);...; (A$; 
ZosZl,..., zr 
> 
, ItI Cl, 
@&..; (Bb:)); 
where A is an arbitrary complex number, m a positive integer, the p’s and q’s 
are non-negative integers, and, for convenience, 
and zi= i= 1, . . ..r. 
here 
F I:P,+‘, 
m:91,...,9r 
is a certain class of the generalized Lauricella hypergeometric functions (of r 
variables) defined by Srivastava and Daoust ([9], p. 454). 
Obviously, in its special case when r= 1, or alternatively when yr =y and 
y2= . . . = yr = 0, (2.1) corresponds to the bilinear generating function (1.3). Our 
bilateral generating function (2.7) below provides an interesting unification 
(and generalization) of such hypergeometric generating functions as (1.3) and 
(2.1). We first state 
THEOREM 1. Corresponding to a given sequence { y,,>, define a sequence of 
polynomials (S:(x)} by 
[n/ml 
(2.3) sf(X)= c (-n)mk ykXk9 nzo, 
k=O 
where m is a positive integer. 
Also let (A#, . . . . lr)) denote a bounded multiple sequence of complex 
numbers and define 
(2.4) CAY l,..., yr)= i (A+n)b4fl(h,..., fr)r’,l...Yfi 
/,,...,I,=0 
and 
(2.5) @IW,Zl, .*.,zrl= k, ,,, , =. ; (n)mk+M yk A(h, . . . . h) WkZ:‘...Z$, 
‘I. sr 
132 
where A is an arbitrary complex parameter, and 
(2.6) M=mlll + . ..+m.l,, 
ml, . . ., mr being arbitrary complex constants. 
Then 
(2.7) 
: -@kL S”‘(x)T(*)(y,, . . ., y,)t” 
n=~ n! n ” 
=(l-t)-QJ 
L 
x * m, 
( > 
y1 
(1 - tp ’ a**’ (l-$ 
provided that each side of (2.7) has a meaning. 
PROOF. since 
(- l)mkn! 
CW (-nhk= tn-mkj! , Oskk[n/m], 
the left-hand side of (2.7) can be rewritten as 
,!,E ; 0, S;(x)T;‘ky~, . . ..yr)t” 
n=~ n! 
(2.9) = : (&k+M yk A(h, . . ..h)tx(-t)“lk 
k,l,,...,l,=O 
1 
9 ItI cl, 
where M is given by (2.6). 
The innermost series can be summed, when / t 1 < 1, by appealing to the 
familiar binomial expansion ([6], p. 58) 
(2.10) ; (A), 2” ---=(l -z)-2, IzI <l, 
n=O n! 
and we find from (2.9) that 
L=(l -t)-A k ,,,,, f, =. @),k+M yk -‘l(h . . ..lr) 
* r 
which is precisely the second member of (2.7) as given by (2.5). 
This evidently completes the proof of Theorem 1 under the hypothesis that 
the various interchanges of the order of summation are permissible. Thus, in 
general, the final result (2.7) holds true for such values of x,yl, . . ..yr for which 
both of its members exist. 
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REMARK 1. For r= 1, or alternatively whenyi =y andy2= . . . =yf=O, if we 
set ml = m and A(f, 0, . . ., 0) = &,I2 0 and m 11 being integers, and specialize the 
resulting coefficients yn and 6, by 
ii @.h ii (cih 
(2.11) yn= j=; and &= j=: , nro, 
n! II (bj)n n! II (dj)n 
j=l j=l 
Theorem 1 will yield the bilinear generating function (1.3). Furthermore, the 
multivariable generating function (2.1) would follow from (2.7) when we set 
mi=m, i= 1, . . . . r, m being a positive integer, and choose the coefficients yn and 
AUI, . . . . 1,) suitably. 
If, instead of the binomial expansion (2.10), we appeal to the following 
familiar consequence of Lagrange’s expansion theorem (cJ, e.g., [5], p. 302, 
Problem 216) 
? 
a+@+ 1)n 
(2.12) ( > t” =(l + (-)““‘(I -pfy, I#=0 n 
or to Gould’s identity ([4], p. 196) 
(2.13) 
r 
i y 
a+@+ 1)n 
n=~ y+ @+ 1)n 
( > 
t" 
n 
where a, p, y are complex constants, and [ is a function of t defined implicitly 
by 
(2.14) c=t(l+cy+‘, &O)=O, 
we shall arrive fairly easily at the following generalizations of the bilateral 
generating function (2.7): 
THEOREM 2. For bounded complex coefficients Q(k, 11, . . ., &), Vk, Ii E 
{0,1,2 ,... ), i=l,..., r, let 
(2.15) W~,Zl,..., zrl= k ,,,,,,,,, ,=. : 52(k, 11, . . ., l,)okz:’ . . .z>. 
Also let m be an arbitrary positive integer and suppose that M is given by (2.6) 
for arbitrary complex constants ml, . . ., m,. 
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Then 
(2.16) 
I 
In(k, 11, . . ., Irly:l.. .#: 
=(l + W”(1 -p<)-‘Y 
[ 
x( - C)“,y1(1+ [)mI, . . ..yr(l + [)“r 1 , 
where a, p are complex constants, [ is defined by (2.14), and the result (2.16) 
holds true whenever both of its members exist. 
Furthermore, if we let 
i 
Y a-)J+M Pn(o,a, . . ..zr)= il k,~,,..., r,=0 y+@+ l)mk ( > n 
(2.17) [ l (nimk:y/(Pi1))‘n(CI ,,..., I&&‘...& 
and suppose, for convenience, that 
m 
(2.18) Q[o,zI, . . . . zr; t} = C Pn(w,zl, . . . . zr)t”, 
II=0 
where y is a complex constant, and the other quantities are as specified above, 
then 
(2.19) 
5 y 
[n/ml 
n=~ y+ (p+ 1)n t” k;. ( - n)mk Xk 
CI(k, II, . . . . IJy$...y$ 
CP, . . ..yr(l + (-)“r; - (/(I + 0 , 1 
where 4’ is given by (2.14), it being provided that both sides of (2.19) have a 
meaning. 
REMARK 2. Evidently, in its special case when 
(2.20) cx=A- 1, p=O and !S(k,Il,..., f,)=(A)mk+M yk/1(h ,..., I,), 
the bilateral generating function (2.16) would reduce at once to our earlier 
result (2.7). On the other hand, in its confluent case when 1 yI -‘cm, (2.19) 
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corresponds formally to the generating-function relationship (2.16). Moreover, 
when x-0, (2.16) and (2.19) would yield, respectively, the known results (19) 
and (23) due to Srivastava ([I 11, p. 340). 
3. FURTHERSERIES OFH-FUNCTIONS 
A finite series of Fox’s H-functions was considered by Shah [7]. His main 
result ([7], p. 3, Eq. (2.1)) contains a number of obviously redundant para- 
meters and variables, and it is stated with some apparently unnecessary con- 
straints. We, therefore, recall it here in a slightly modified (but essentially 
equivalent) form: 
z(> 
N N m” Hr,m+s 
(A (m, 01, 1 ), { h a;) > 
n=O n (J.&l 
m+u,v+m z 
((b”,b)), @WV n), 1) 1 
(3.1) 
mN (d(m, 1 -p-N), 1),(@u,@) r,m+s = KHm+u,v+m z 1 , N&O, {(b”,BY)),em 1 -Pu , 1) 
where m is a positive integer, p is neither zero nor a negative integer, and certain 
other conditions are imposed merely to ensure that the H-functions are well 
defined. 
The proof of (3.1) by Shah [7] is fairly long and involved. As a matter of fact, 
(3.1) follows at once if we replace the H-function on the left by its Mellin- 
Barnes contour integral (cJ [lo], p. 265, Eq. (1 .l)), invert the order of sum- 
mation and integration, and then sum the resulting finite series by means of the 
well-known Vandermonde’s theorem ([6], p. 69, Ex. 4): 
(3.2) 
(Y-h 2f+[-NP;Y;~l= (y)N 9 NzO, y#O, - 1, -2 ,.... 
If, however, we apply Gauss’s summation theorem ([6], p. 49, Theorem 18) 
(3.3) 2jD1l[a,h;ll= mY7r--~--8) 
m-w-@-B) ’ 
Re (y-a-j?)>O, JJ#O, - 1, -2 ,..., 
we shall similarly be led to a non-trivial generalization of (3.1), which is 
contained in 
THEOREM 3. Let m, r, s, u and v be integers satisfying m 2 1, 1 d rs v, and 
O~S~U, and let aj>O, j= 1, . . . . u, p’>O, j= 1, . . . . v, and 6>0, such that 
(3.4) OE i pj- i aj>O, 0< IZI <m, j=l j=l 
or 
(3.5) 8=0 and Oc IzI CR= i a,:“’ i @. 
j=l j=l 
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Then 
1 
i @)?I (-mY H”rn+S -- 
n=o (p)n n! 
m+u,v+m z 
[ 
(3.6) 
= m-%4 r,f?l+s Tcu-*) Hm+“,“+m z 
provided that p + 0, - 1, - 2, . .., and 
(A (m, 1 + 13 - p + a), 6), ((au, a~>> 
’ ((b”,/3”)},(Lw%l -P++h4 I 
(3.7) Re o( - CT - A) > max (0, - ins Re (bj)/pi}. 1ajsr 
REMARK 3. Since 
(3.8) (-N)n=(-1)” ; 
0 
n!=O, if n=N+l,N+2,N+3 ,...) 
the H-function series in (3.6) would terminate when A = -N, where N is a non- 
negative integer. Naturally, therefore, (3.6) yields the known formula (3.1) if 
we set 
(3.9) o=O, 6=1, and A= -N, VN~{0,1,2 ,... >. 
Finally, it may be of interest to remark that, in its special case when 
m = 6 = 1, (3 A) is essentially complementary to another result due to Srivastava 
and Daoust ([9], p. 451, Lemma I). By appealing to various known special 
hypergeometric summation theorems, instead of (3.2) and (3.3), one can indeed 
obtain several interesting variations of the H-function series (3.1) and (3.6). 
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